Abstract. Let N be the set of positive integers. For b, n ∈ N let t n (1, b) denote the number of representations x, y (x, y ∈ N) of n = x(x − 1)/2 + by(y − 1)/2. In the paper we mainly obtain explicit formulas for t n (1, b) in the cases b =
Introduction.
Let Z and N be the set of integers and the set of positive integers respectively. Ramanujan (see [B, pp. 302-303] In 1999, K.S. Williams [W] proved the above two Ramanujan identities by using the theory of binary quadratic forms. By (1.1), the above Ramanujan identities are equivalent to In the paper we use the results in [SW1] to obtain the formulae for t n (1, b) in the cases b = 2, 4, 5, 9, 11, 13, 19, 23, 25, 27, 31, 37, 43, 67, 163 . Our method is based on the connection between t n (a, b) and the number of representations of 8n + a + b by certain binary quadratic forms, whose corresponding class number of discriminant is 1, 2 or 3. We also obtain some explicit formulas for t n (a, b) when 8n + a + b or 4n + (a + b)/2 is an odd prime power, and give a general criterion for t n (a, b) > 0.
General formulas for t n (a, b).
Let 
Thus the result follows. Remark 2.1 For a, b, n ∈ N with 2 ab and 8 | a + b, we have
by (a, b, c) , and the equivalence class containing the form (a, b, c) by [a, b, c] . It is well known that [a, b, c] ([a, b, c] , n) as in [SW1] . Then R ([a, b, c] [a, b, c] , n) > 0, we say that n is represented by [a, b, c] or (a, b, c) , and write n = ax 2 + bxy + cy 2 . Throughout this paper let (a, b) be the greatest common divisor of integers a and b. For a prime p and n ∈ N let ord p n be the unique nonnegative integer
Let d be a discriminant and n ∈ N. In view of [SW1, Lemma 4 .1], we introduce (2.1)
(1 + ord p n) if 2 | ord q n for every prime q with (
where in the product p runs over all distinct primes such that p | n and ( d p ) = 1. As in [SW1] we also define
is not a square,
where in the product p runs over all distinct prime divisors of m. In particular, when = R(2, 1, 2; 2n + 2) − R(3, 0, 5; 2n + 2).
As h(−15) = h(−60) = 2, applying the above and [SW1, Theorem 9.3] we derive (1.4) and (1.5).
4
Proof. By (2.1) and Lemma 2.1 we have N (n , D) = 0 and hence R(K, n ) = 0 for any K ∈ H(D). Thus applying Theorem 2.1 we obtain the result.
For n ∈ N let C n denote the cyclic group of order n. For m, n ∈ N let C m × C n denote the direct product of C m and C n . 
if 2 α and p = 2ax 
if 2 α and p = 4ax
Proof. Suppose 2 a + b. By Theorem 2.1 we have
As 3. Formulas for t n (1, b) when b = 2, 4, 5, 9, 13, 25, 37.
where in the product p runs over all distinct primes satisfying p | 8n + 3 and p ≡ 1, 3 (mod 8).
Proof. By Theorem 2.1 we have t n (1, 2) = 
where in the product p runs over all distinct primes satisfying p | 8n + 5 and p ≡ 1 (mod 4).
Proof. By Theorem 2.1 we have t n (1, 4) = ,3,7,9 (mod 20) (1 + ord p (4n + 3)) if n 0 ≡ ±2 (mod 5) and 
Proof. By Theorem 2.1 we have t n (1, 9) = From (2.1) and Theorem 3.4 we have:
Then n is represented by x(x − 1)/2 + 9y(y − 1)/2 if and only if n ≡ 0, 1, 3, 6 (mod 9) and 2 | ord q (4n + 5) for every prime q ≡ 3 (mod 4).
Theorem 3.5. Let n ∈ N and 4n + 7 = 13
(1 + ord p (4n + 7)) if ( From (2.1) and Theorem 3.6 we have:
Then n is represented by x(x − 1)/2 + 25y(y − 1)/2 if and only if 2 | ord q (4n + 13) for every prime q ≡ 3 (mod 4) and n satisfies n ≡ 0, 1 (mod 5) or n ≡ 3 (mod 25).
Theorem 3.7. Let n ∈ N. Then
if 2 | ord q (4n + 19) for every odd prime q with ( −37
where p runs over all distinct primes satisfying ( 
if there is a prime
otherwise, where µ = 
where p runs over all distinct prime divisors of 2n + b 0 . As
combining the above we see that
That is,
This together with (4.1) and (2.1) yields the result. From Theorem 4.1 we have: (
In [SW2] , for k = 1, 2, 3, 4, 6, 8, 12 we showed that φ k (n) is a multiplicative function of n and determined the value of φ k (n). See [SW2, Theorems 4.4 and 4.5].
Putting b = 11 in (4.2) and then applying the fact R(4, 2, 3; n) = R(3, −2, 4; n) = R(3, 2, 4; n) and [SW2, (4.1)] we deduce: That is,
From [SW2, Theorem 4 .4] we know that φ 6 (2n + 7) = 0 for n ≡ 0 (mod 3). Thus combining the above with (2.1) we deduce the result. Proof. From Theorem 2.1 we have 4t n (1, b) = R(1, 1, 2b 1 ; 2n+2b 1 )−R(1, 0, b; 2n+ 2b 1 ). By Remark 2.1,
and f (−b) = 1, using Lemma 2.1 we see that for m ∈ N, If 2 n+b 1 , as F (m) is multiplicative we have F (2n+2b 1 ) = F (2)F (n+b 1 ) = −F (n + b 1 ). We also have
Thus combining the above we obtain
Now assume 2 | n + b 1 . As F (m) is multiplicative and n + b 1 = 2 α n 0 (2 n 0 ), by (4.4) and (4.5) we have
By (4.6) we have
Thus,
As 
Thus the result follows. Proof. From [SW1, Table 9 .1] we see that p = 4x [SW1, Proposition 11 .1(ii)]) and f (−16b) ∈ {2, 8}, applying Theorem 2.3(ii) (with a = 1) and the above we obtain the result. 
Formulas for t n (a, b) when
Proof. From [SW1, Table 9 .1] we see that p = 8x [SW1, Proposition 11 .1(ii)]) and f (−32b) = 2, applying Theorem 2.3(ii) (with a = 2) and the above we obtain the result. Proof. From [SW1, Table 9 .1] we see that p = 4x Proof. From [SW1, Table 9 .1] we see that p = 8x Proof. By Theorem 2.1 we have 4t n (3, 4) = R (12, 12, 7; 8n+7) = R(12, 12, 7; p α ). As [12, 12, 7] = [7, −12, 12] = [7, 2, 7] , H (−192) = {[1, 0, 48] , [3, 0, 16] , [7, 2, 7] , [4, 4, 13] Proof. From Theorem 2.1 we know that 4t n (1, 17) = R(2, 2, 9; 4n + 9) = R(2, 2, 9; p [a, b, c] , n) to be the number of proper primary representations of n = ax 
Criteria for
. . , n r (r 2) are pairwise prime positive integers and
Theorem 6.1. Let d be a discriminant with conductor f . Let K ∈ H(d) and n ∈ N with n > 1 and (n, f ) = 1. Then R (K, n) > 0 if and only if n = p 
